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Abstract. Functional magnetic resonance imaging (fMRI) has been widely used
for inferring brain regions that tend to work in tandem and grouping them into
subnetworks. Despite that certain brain regions are known to interact with multiple subnetworks, few existing techniques support identification of
subnetworks with overlaps. To address this limitation, we propose a novel approach based on replicator dynamics that facilitates detection of sparse overlapping subnetworks. We refer to our approach as overlapping replicator dynamics
(RDOL). On synthetic data, we show that RDOL achieves higher accuracy in
subnetwork identification than state-of-the-art methods. On real data, we
demonstrate that RDOL is able to identify major functional hubs that are known
to serve as communication channels between brain regions, in addition to detecting commonly observed functional subnetworks. Moreover, we illustrate
that knowing the subnetwork overlaps enables inference of functional pathways, e.g. from primary sensory areas to the integration hubs.
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Introduction

The interactions between specialized regions in the brain are known to play a key role
in mediating brain function [1]. In recent years, functional magnetic resonance imaging (fMRI) has become the dominant means for studying this integrative property of
the brain. One of the main approaches for gaining an understanding of the brain’s
organization is to group brain regions into functional subnetworks (also commonly
referred to as “modules” or “communities”) based on the temporal dependencies between their fMRI observations. The most widely-used techniques for this include the
seed-based approach and independent component analysis (ICA) [2]. In the seedbased approach, functional subnetworks are estimated based on the temporal correlations between a seed region and all other regions in the brain [2]. Despite its simplicity and intuitiveness, this approach has the drawback that results are restricted by the
choice of seeds [3]. In contrast, ICA provides a data-driven means for extracting subnetworks by decomposing fMRI observations into maximally independent spatial
components and associated time courses [4]. At the intra-subject level, brain regions
assigned weights larger than a threshold within the same spatial component are

grouped as a subnetwork. However, the threshold is generally chosen in an ad hoc
manner, which precludes statistical interpretation [4]. In practice, ICA is typically
performed at the group level, in which a statistically meaningful threshold can be set
[5]. Graph-theoretic techniques, such as normalized cut, that partition the brain into
disjoint functional subnetworks have also been explored [6].
A major drawback of the aforementioned methods is that they cannot model how
certain brain regions interact with multiple subnetworks [7]. These methods thus only
give a partial depiction of the brain’s functional architecture [7]. One way for identifying overlapping subnetworks is to use temporal ICA as opposed to spatial ICA.
Though this approach has shown promising results, temporal ICA is statistically less
robust than spatial ICA since the number of voxels is typically far greater than the
number of time points [7]. A few methods based on graph theory have recently been
proposed [8, 9], in which overlapping subnetworks can be found by analyzing the
correlation structure of the fMRI observations. These methods, however, tend to be
sensitive to parameters, such as the number of subnetworks to extract [8], the minimum clique size [8], the threshold used for binarizing the correlation matrix [8], and
the weighting factor for controlling the size of the extracted subnetworks [9], which
are nontrivial to set a priori, and data-driven means for their selection, e.g. through
cross validation, can be computationally expensive.
In this paper, we propose a novel approach based on replicator dynamics (RD) [10]
for identifying overlapping subnetworks. RD is a concept that originated in theoretical
biology for modeling the survival of different species based on a fitness measure of
their genotypes [10]. This concept has been previously adopted for detecting disjoint
subnetworks with estimates of functional connectivity taken as the fitness measure
[11]. We extend the RD formulation for detecting overlapping subnetworks, which we
refer to as RDOL in the remainder of this paper. RDOL has a number of properties
that are particularly advantageous for overlapping subnetwork extraction. First,
RDOL can handle positively-weighted graphs, which mitigates information loss from
binarization. Second, RDOL does not require setting the number of subnetworks to
extract, which is generally unknown. Instead, a data-driven criterion is inherent in the
RDOL formulation. Third, sparsity is implicitly imposed on the weight vectors representing the subnetwork membership of the brain regions with the level of sparsity
automatically determined based on mutual correlation. This property circumvents the
need for weight thresholding in contrast to ICA. We validate RDOL on synthetic data
and apply it to fMRI data acquired during resting state (RS).
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Methods

We start this section by briefly reviewing the RD formulation and its properties, followed by a discussion on how we extend RD to RDOL.
2.1

Replicator Dynamics

Let C be a d×d matrix with each element reflecting the fitness of a genotype (a pair of
alleles) and let w(k) be a d×1 vector with the jth element, wj(k), being the probability

that allele j remains in the gene pool in the kth generation. Assuming the survival of
the alleles is governed by natural selection, w(k) can be iteratively estimated by [10]:

w(k  1) 

w(k ). * Cw(k ) ,
w(k )T Cw(k )

(1)

where .* denotes element-wise multiplication. Based on the fundamental theorem of
natural selection [10], if C is real, symmetric, and non-negative, w(k)TCw(k) will
strictly increase with increasing k until it converges to a strict local maximum of
wTCw. The multiplicative form of the w(k) update restricts w(k) to be non-negative
given a non-negative C. Also, Σj wj(k) = 1, since if we denote the jth element of Cw(k)
as (Cw(k))j, the sum of elements in the numerator of (1), i.e. Σj wj(k)(Cw(k))j =
w(k)TCw(k), equals exactly the denominator. Thus, as discussed in [11], RD solves
the non-negative sparse principal component analysis (PCA) optimization problem:

max w T Cw s.t. w 1  1, w  0,

(2)

w

with w constrained to lie on the standard simplex, i.e. ||w||1 = 1, w ≥ 0, which induces
sparsity since restricting the l1 norm encourages sparse w estimates [12]. In addition,
upon convergence, wj(k+1) = wj(k) thus (Cw(k))j = w(k)TCw(k) for all j. In PCA terminology with C being a correlation matrix, all selected features (i.e. features with
non-zero wj(k)) will have the same weighted average correlation with one another.
Hence, the level of sparsity in w(k) is implicitly determined based on mutual correlations among the features. In the context of functional subnetwork identification, alleles correspond to brain regions of interest (ROIs) and each element of C, denoted as
Cij, corresponds to the functional connectivity estimate between ROIs i and j. We use
the conventional Pearson’s correlation between ROI time courses as the connectivity
estimate [1]. To ensure C is non-negative, as required for the properties of RD to
hold, we null the negative elements of C under the assumption that ROIs in the same
subnetwork would presumably display positive correlations [13]. Also, we set Cii to 0
to avoid self-connections [11]. For initialization, we set all elements of w(0) to 1/d to
mitigate bias [11]. We define convergence of (1) as w(k)TCw(k) changing by < 10-15.
2.2

Overlapping Subnetwork Extraction

Let S1 be the set of nodes of the subnetwork found by applying RD on C with the
corresponding weight vector denoted as wS1. Let S1' be the remaining nodes that are
not in S1. To identify the other subnetworks in the graph encoded by C, we propose
adopting a strategy based on a simple augmentation of C [14] that renders wS1 unstable as a solution of (2). The intuition is that (2) is non-convex with multiple local
maxima, each of which corresponds to a subnetwork [14]. By destabilizing wS1 as a
solution of (2), re-application of RD would identify the subnetwork, S2, that has the
next highest mutual correlation. To destabilize wS1 as an RD solution, we first create

an artificial node, v, and extend (directed) edges from v to all nodes in S1 with edge
weights chosen such that v and all the nodes of S1 are mutually correlated. This augmentation trick replaces S1 by {v, S1} as a solution of (2). If we then extend (directed)
edges from all nodes of S1' to v with edge weights selected such that v is more correlated to the nodes of S1' than of S1, it can be shown that {v, S1} would become unstable as a solution under RD [14]. With S1 no longer a solution and {v, S1} unstable, S2
would be detected next, which could potentially overlap with S1 since no orthogonality constraints are imposed between subnetworks. In practice, creating an artificial
node is equivalent to appending C with a new row and a new column. We denote this
augmented C by Caug. Extending weighted edges from/to the artificial node is accomplished by setting the elements of the last row/column of Caug to the edge weights.
Weights that can provably destabilize wS1 as a solution of (2) are given by [14]:

aug

C ij

C ij
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(3)

otherwise

where α > β, β = maxi,j Cij for i ≠ j, and |·| denotes cardinality. S2 can thus be found by
applying (1) to Caug, and other subnetworks can be extracted by iterating the same
matrix augmentation procedure for each newly-discovered subnetwork and applying
(1). We terminate the subnetwork extraction process if w(k)TCw(k) after convergence
is ≤ w(0)TCw(0) as this suggests that no further solutions of (2) can be found. Note
that (1) is guaranteed to converge to a local maximum even for an asymmetric C [14].
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Materials

Synthetic data. We generated 500 synthetic datasets consisting of 85 ROIs with 75
ROIs divided among 3 subnetworks and the remaining 10 ROIs used for modeling
noise. Each dataset comprised 42 scans of 210 time points as in the real data. ROIs 1
to 40 were defined as the primary network, ROIs 34 to 63 formed the secondary network, and ROIs 31 to 36 as well as ROIs 62 to 75 were set as the tertiary network.
The three resulting subnetworks composed of 40, 30 and 20 ROIs, respectively, in
which 3 ROIs were in all 3 subnetworks and 9 ROIs belonged to 2 subnetworks. A
binary 85×85 correlation matrix, Σ, matching the described network configuration
was created for generating ROI time courses by drawing samples from N(0, Σ). Gaussian noise was added to the time courses for a range of signal-to-noise ratio (SNR)
between 0.1 to 2 dB. The noisy time courses across scans were temporally concatenated with their sample correlation matrix, Σs, used as input to RDOL. To further
investigate the performance of RDOL under more idealistic conditions, we simulated
another 500 synthetic datasets with 200 scans each using the above procedure, in
which substantially more accurate sample correlation estimates could be obtained.

Real data. The multimodal Kirby 21 dataset was obtained from the NITRC database 1,
which comprises 21 healthy subjects with two RS-fMRI scans of 7 min acquired for
each subject. Acquisition details can be found in [15]. Preprocessing steps included
motion correction, spatial normalization, bandpass filtering at 0.01 and 0.1 Hz, and
removal of white matter and cerebrospinal fluid confounds from gray matter voxel
time courses. We divided the brain into 500 parcels by temporally concatenating
voxel time courses across scans and applying Ward clustering [16]. Each parcel was
taken as an ROI. Voxel time courses within each ROI were averaged to generate ROI
time courses. We concatenated the ROI time courses of both scans of all subjects and
computed the sample correlation matrix, which was used for group subnetwork identification. Concatenating the scans ensures that there are enough samples to reasonably
estimate a 500×500 correlation matrix.
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Results and Discussion

Synthetic data. We compared RDOL against NC [6] and RD [11] applied to Σs and
temporal ICA [7] applied to time courses drawn from N(0, Σ). We set the number of
subnetworks to extract to the ground truth value of 3 for all methods. Performance
was assessed using the average Dice coefficient (DC) over the 500 synthetic datasets:
DC 

2 | SGT  S |
,
| SGT |  | S |

(4)

where SGT is the ground truth subnetwork, S is the estimated subnetwork, and |·| denotes cardinality. As shown in Fig. 1, RDOL consistently outperformed RD, temporal
ICA, and NC for all noise levels tested. Increasing the number of scans improved the
performance of RDOL and RD considerably (Fig. 1(b)), but only slightly for temporal
ICA. NC performed essentially the same for both conditions. It is worth noting that in
the absence of noise, RDOL identified all subnetworks perfectly, whereas the average
DC values for RD, temporal ICA, and NC were 0.87, 0.61, and 0.57, respectively.
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Fig. 1. Synthetic data results. (a) 42 scans as in real data. (b) Idealistic case with 200 scans.
1

The Kirby 21 dataset is available online at: http://www.nitrc.org/projects/multimodal/

(a)
(b)
(c)
Fig. 2. Exemplar RS subnetworks detected by RDOL. (a) Sensorimotor network. (b) Defaultmode network (split into subnetworks similar to recent studies [17, 18]). (c) Auditory network.

Real data. Exemplar subnetworks found by RDOL are shown in Fig. 2 (each color
corresponds to a distinct subnetwork). Detected functional subnetworks include the
sensorimotor network, the default-mode network, and the auditory network among
other commonly observed subnetworks. Similar to recent findings [17, 18], the default-mode network was divided into subnetworks. The average voxel overlap over all
overlapping subnetwork pairs was 16%.
To gain further insights from the detected subnetworks, we performed an analysis
similar to that in [19] for inferring different functional pathways. The underlying idea
is that for two subnetworks to communicate, there must be certain brain areas that
serve as relays, i.e. spatial overlaps between subnetworks. Drawing on this idea, the
analysis proceeds by first selecting a seed region and finding the set of subnetworks,
N1, that overlaps with the seed. We then find the set of subnetworks, N2, that overlaps
with N1 and repeat the process until no overlap remains. With the well-studied visual
system as an example (Fig. 3), we placed a seed in the primary visual cortex (V1), and
observed that information from V1 would pass through V2, propagate to the higher
visual areas (through both the ventral and dorsal stream), and then reach the precuneus and posterior cingulate cortex, which are regions known for sensory integration
[20]. This trajectory matches exactly the well known pathways of the visual system.
Progressing from these hubs, information would spread to the medial prefrontal cortex and other sensory areas, but in fact, prior neuroscience knowledge tells us that the
direction of information flow is normally the reverse for sensory regions. Thus, it is
important to acknowledge that the presented analysis can only infer the path for information transfer, but not the directionality. We performed the same analysis on the
subnetworks found by temporal ICA for comparison, since temporal ICA also permits
identification of overlapping subnetworks. The number of subnetworks to extract was
set to the value implicitly determined by RDOL. The obtained functional pathway
remained similar to that of RDOL, but regions such as precentral gyrus, thalamus, and
brain stem were incorrectly included during the first two steps. These spurious connections resulted in artifactual streams of information during subsequent steps.
Furthermore, we identified the prominent functional hubs based on the overlaps between the subnetworks extracted by RDOL. Detected functional hubs include the
posterior cingulate cortex, precuneus, lateral temporal cortex, lateral parietal cortex,
and medial/lateral prefrontal cortex, which conform to previous findings based on

graph analysis on node degree [21]. In addition, parts of the lateral occipital cortex
were also identified as functional hubs, which are known for facilitating communication between the primary and higher visual areas.

(a)
(b)
(c)
(d)
Fig. 3. Functional pathway inference with a seed placed in the primary visual cortex. (a) Blue =
seed, red and green = steps 1 and 2. (b) Violet, yellow, cyan = steps 3 to 5. (c) Orange, purple,
dark green = steps 6 to 8. (d) Pink, light blue, crimson = steps 9 to 11.
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Conclusions

We proposed a novel approach for identifying sparse subnetworks from fMRI data. In
contrast to most existing subnetwork identification methods, RDOL allows for the
identified subnetworks to overlap, which provides a more realistic portray of the
brain’s functional architecture. On synthetic data, we demonstrated that RDOL outperforms all other examined methods, including temporal ICA, NC, and RD. Applying RDOL to real RS-fMRI data detected group subnetworks that matched well with
prior neuroscience knowledge. Furthermore, the identified subnetworks overlapped in
brain regions that are known to serve as functional hubs. RDOL thus enables the untangling of the overlapping structure of brain subnetworks, which may provide insights that are pivotal in understanding human brain organization.
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